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Local L -saturation of positive linear convolution operators is investigated.
Results are obtained for two important classes of operators previously studied by

Bojanic, DeVore, Korovkin and the authors.

1. INTRODUCTION

Let =10,r], 1 < p < o, and denote by L,(/) the space of real valued pth
power Lebesgue integrable functions on /. Let {H ,(¢)} be a sequence of non-

negative, even and continuous functions on [—r, r| such that

| H(t)dt=1. n=12,.

’1' t*H (tydt=pu, -0, n— o0,

S
and

.r
| FH(Odt=0@),  n- oo
Y—r
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For f € L,(I) and 0 < x < r, define the convolution operators
K (@), %)= fOVH(t=x)dt, n=12,.. (1.4)
‘o

These linear operators map L ,(/) into L, (/) and are positive on /. There are
two important examples of (1.4).

ExampLE 1.1 (Korovkin operators). Let ¢ be a non-negative, even and

continuous function on [—r, r], decreasing on [0, r] and such that ¢(0) = 1.
Let

Ko ) =0, || SO0 —))" . (1.5)
where

pi'=2] @) dr. (16)

This approximating method was introduced by Korovkin [5], who used it for
the uniform approximation of continuous functions. Later Bojanic and
Shisha [2] showed that

lim —1—:?(—0 =c (1.7)
1~0+ t
for some positive constants A and ¢ implies
U, = 0(n="), n— o0, (1.8)
and
sup K, ((t—x),x)=0(n"*'), n- 0. (1.9)

0<xgr

Numerous important special cases of (1.5) that satisfy (1.7) are listed in |2].
Conditions (1.1)—(1.3) follow from (1.6), (1.8) and (1.9).

ExaMpLE 1.2. (Bojanic—DeVore operators). Let {P,} be a sequence of
orthogonal polynomials on [—1, 1] whose weight function w is even, non-
negative and satisfies

O<mg<wx) <M<, xEJ[|-rr], 0<r<l.
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Let

R0 =c, [ Pya(%) ]

(xZ - a%n)(x2 - a%n—l)

where a,,, a,, , are the smallest positive zeros of P,, and ¢, > 0 is chosen
so that

| Rxdx=1, n=12,.. (1.10)

v -r

Let
K (fix) =] f(0) Rt — x) k. (L11)

Bojanic {1] and DeVore {3| have shown that
U,=0(n?), (n—> o), (1.12)
and
sup K, ((t —x)", x)=0(n"*), n— oo. (1.13)
0gxgr
Conditions (1.1)-(1.3) follow from (1.10), (1.12) and (1.13).
The degree of L ,-approximation with (1.4) was investigated in {10, L1]. In
this work we consider local saturation of (1.4). Global saturation for the
operators (1.5) is studied in [10]. L, saturation for other types of operators

has been studied by Ditzian and May [4], Maier |6], Miiller and Maier |8
and Reimenschneider [9].

2. DIRECT RESULTS

In the sequel, we let e,(x)=x' for i=0, 1, 2,....

LEMMA 2.1. For n=1,2,.., we have
| H(t—x)dt=K, (e, x)<1,  0<x<r, 2.1
<0

[ HG-xdx<1,  0<i<r, (2.2)
5]
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|K,((t — x), x)| = O(u,,), n-w,0<d<xgLr—-d<r,  (2.3)

K, (eg.x)— 1| = O(u,), n->0,0<oLxgLr—d<r, (2.4)

K, ((t—x)x)<u,n 0<xgr, (2.5)

K,(t—x).x)<uy?, 0<xgr (2.6)
and

1K n(e) = eilljo.n =0,  n—o0,i=0,1 (2.7)

Proof. Equations (2.1), (2.2) and (2.5)-(2.7) were established in [11].
Using (1.2), (1.3) and the method of [11, Lemma 1], it is easy to obtain
(2.3) and (2.4).

Let 0<a<a, <b, <b<rand define

x(6)=0, (€ [a,b]
=1, t¢&|a,b]
Lemma 2.2. Iff € L,[0,r|, then | K0 ;. 1a,.00 = Ol,) (n— o0).

Proof. For p=1 we have
Mo = |1 0010 e ) |

r bt
<[ AO 1| Hyle—x) dxa

b
@mmm(wpl
té€la,b]

-a

"H,(t—x) dx) :

If t & |a. b] and x € [a,, b,], then | — x| > min(a, —a, b — b,) > 0. Using
(1.2) and (1.3) we obtain

b,
sup ) H,(t — x)dx =o(u,), n— 0.

t¢la.b] Ja,

Assume 1< p< o0, a; <x<b,;, and p + g= pg. By (2.1) and Hoélder’s
inequality for positive linear operators,

KOs X)) < Ky )UK (L1 x)7P).
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Hence

HK"(XI; x)||Lﬂ[“l-bll < ( sup (Kn(X’ x))l"q)

a <x<by

I.p

' (_\fjnb} X0 O H,(t — x) dx dz)

< ( sup (K,,()(.—’C)qu)||f“1_,,10‘r1

a,<x<b,

Lp

X ( sup ’.h}H,,(t~x) dx)

t¢la.b] Ya,

For a, { x< b, and é = min(a, —a, b — b,) we have
K06 %)= | x(t) H,{t — x) dt
-0

< 31; |.,- (t—x)*H,(t—x)di
0
= O(ul), n- 0.
For t & [a, b],
by ) B
| H,(t—x)dx< 5 ; (t —x)*H (t — x) dx
Ja, Yo
=0Wl), n- .

Thus

“K"(Xf; x)“Lplalvbll < “f”L,,[O.r] . 0(/1,2,/q) . O(ﬂi/p)
= Hf“L,,[o,rp ' O(ﬂi)

=o(u,), n— .

This completes the proof of Lemma 2.2.

For 1 <p< oo and 0K a<bgr, we denote by L)[a,b] the space of
those functions f such that f € L [0, r], f' is absolutely continuous on [a, b|
and f” € L,[a,b]. BV|a,b] denotes the space of functions of bounded
variation on [a, b|.

THEOREM 2.3. Let f€L,[0,r],1<p<owand0<a<a <b <b<r
Then
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(i) if 1<p<oo, then fEL][a,b] implies |K,(f)— f“z,,[a. bl
O,), n— o0

(i) if p=1, then f' € BV|a,b] implies |K,(f) = [l 1a b,y = OWn)

H— 00;
(iii) f 1< p< o, then [ linear on |a, b] implies
I K.(f) _f“L,,[al.bll =o(u,), n— co.

Proof. (i) Let y be defined as in Lemma 2.2 and let y,(t) = 1 — x(z).
Then

| K,(f)— f”Lp[al oy SUK, (Xf)“L,,[al o T IK 00 S) — ()(1f)||L,,[al bl
By Lemma 2.2,

”Kn(xf)”Lp[al.b]] = O(t,), n-— 0.
Assume 1 < p < oo and '€ L}[a, b]. Then

I KO ) — QS X pays
by

- ( J
< (.b

+(J' P (J H(t—x)dt) dx)

p L/p
x) dt dx)

dx

J (f(t) = f(x)) H,(t — x) at

' (‘ er (‘,, H,(t—x) dt)p dx)

By (1.2) and (1.3), the last two terms are o(u,), n— oo, since |t — x| >
d=min{a, —a, b— b,) > 0. The first term is dominated by

(. )

x)H,(t — x) dt

I: (J: (t—u) f"(u) du) H,(t—x)adt ’ dx) .,,,’

by
* ("al
since f(t) — f(x)=f" ()t —x) + [ (¢t — u) f"(u) du. Using (1.2) and (1.3),

it can be shown that the first term is dominated by

LS5 1S G Kt = 2 Dl gaon +0lta)  =ol) om0
1§X 1
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Now let
1

(t—x).

Wt
o= swp [ Wi, @, <x<b.
agt<h x

L+X

denote the Hardy-Littlewood majorant of /” at x. Since f” € L,[a, b} and
p>1,

N80/, XMz a,or S Ap IS " N pa.or>

where 4, > 0 depends only on p [12, Theorem 13.15}. Hence

(J:: H: (‘; (t—u)f"(u) du) H (- x)di P dx) 1/p

< (‘b 00, X (]b (t = x)2H,(t — x) dt) ’ dx) ’
—0@,), n-w.
Finally,
1K1 S) = O M a0 S IKLCHE) = 00N, Ol a0,
00N K (€9 x) = Dl a1

and part (i) follows from (2.4) and the above calculations.

(i) Now assume p=1 and f’' &€ BV|[a, b|. Then we have, for x.
t€ |a, b),

SO = @) =0 =)+ [ (= w)df )

From the proof of (i), we need only show that

Fix § > 0. We have

= 0(u,), n— 00.

Lylay.byl

K, (00 (= drw.x)

_“b .‘.l (t—u)df'(u)H,(t — x) dt ’

<[ le=xIHe—I] 1ar)dr

= |.b|t—x| H,(t—x) Jol - |df"(x + y)|| dt

(b—ay/ 8]
g N Inj(x)s
j=0
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where
- SlE—=x|
L0 =| (=X H@=x) | ldf'Ce+ p)lde.
JéLt—xI €+ 1S 0
Clearly,
NIEST]
L)< Sy@x)|  ldf'Ge+ )l
where

S,,j(é,x)zj |t — x| H,(t — x) dt.

Jeit—xl<(j+ )8

Next, we estimate §,,(d,x) for j=0 and 1< j< [(b—a)/d] separately.
We have

S,,o(é,x)=J |t —x|H,(t—x)dt
0 t—xi<d
<9 }" H, () dt

=J.

For 1 <,

§,(6,%) < 1 |

- t—x)*H, (t—x)dt
(Jé)3 Jj6<1:—x|<(j+1)5( ) ( )

1 .r
< 4
o)’ J_rt H (t)dt
__1_ 0(,(12)
(jo)? "
by (1.3).
It follows that
{tb—-a)/s) .8
N L@ <[ 1t )
j=6 '
[(b—a)/8] 1 YRS d 0 2)
+ — 3 "(x + . n)
( oGl ) - o

640/34/4-3
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Integrating this last inequality with respect to x, and taking into account that
VIR VER T ] .
ldf"(x + ¥)dx <G+ DS Narias

a, v 0

we obtain

K, (00| (=0 drw).x

Lilay.bil

— 3 al:
=1 J

: S lsvian) <2J+1
<N gy + 1L 100 S T2 o

If we choose d = u)/?, the last term is O(y,), n - .

n

(iii) If fis linear on [a, b|, the above calculations, along with (2.3),
(2.4) and Lemma 2.2, imply the conclusion of (iii).

3. A LocaL SATURATION THEOREM

‘The following theorem provides a local inverse to Theorem 2.3 and shows
that the convolution operators (1.4) are locally saturated with order O(u,,).

THEOREM 3.1. If0<a<b<randf€L,0,r|, we have

(i) if 1<p< oo, then |K,(f)—flip a5y =O0W,) n— o, implies
fE€Lla,bl;
(i) if p=1, then |K,(f)—flijo)=O0W,). n— oo, implies
f' € BVla, b|;
(iii) if 1< p < oo, then | K,(f) _f”Lp[a,b] =o(u,), n— oo, implies f is
linear on |a, b].

Proof. To prove (i) and (ii). let £ € L,[0,r] and choose y € C*|a, b|
with w(a)=vy'(a)=vy"(a)=y(b)=y'(b)=y"(b)=0. Let y(x)=0 for
x & [a,b], so that w€ C*[0,r] and w(x)=y'(x)=0 for x¢& [a,b]. We
utilize the bilinear functional (compare (6, 8])

A fiv)=—

P : K, (f(6), x) — f(x)) ylx) dx.

Fix y as above. We first demonstrate that {4,(-, w)} is uniformly bounded
on L,[0,r]. We have
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| K700 v d= | v || 0 B~ ) e d

= ‘0 qu) ‘0 w(x) H,(t ~ x) dx dr.

For x, t € [0, r| we can write

w00 = v+ y O+ 1)+ Y3 gy

for some n between x and r. Hence

'0' .‘:f(t) w(x) H,(t — x) dx dt
= [rovo [ #e-xaa

+[ rowv ‘0 (x— 0) H,(t — x) d dt

-0
1 -r
5,

=1,+1,+1,.

SO | v e =1t = ) de

Using (1.1) we have

L=[ 0w Hdua
= [ 70 vod—| 10vo|  Hw

[ v | H, ) dudr

Since w(t) =0 for t & [a, b], (1.2) and (1.3) yield

w0 Hy) dudr

r

<o [ OOt Hyw) du

1
< sup 1w (5] ') du) 1l o
0gtgr a J_,

= 0(/1") ”f”L,,[O,r]’ n— oo.

357
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Similarly
.r A=
];Of(z) wo) [ H ) dudt | =00 I flugors 1 0.

Hence

L= FO VOt o) o 1o

Similar calculations and the fact that y'(f)=0 for ¢€& [a,b] yield
I =o(u,) ”f”Lp[on n— co. Finally

1< 5 sup " ()| u, “f“l_.[o.rp
o0<x<r

and it follows that {4,(-, )} is uniformly bounded on L,|0, r].
Next we observe that, for f € C*[0, r],

b
im A,(fy) =5 || S0 ) 3.

This follows from the definition of w and

fim - (K, /%) = () = 5/ (32)

uniformly on [a,b]. Equation (3.2} is a consequence of Mamedov’s
asymptotic theorem [7], (1.2), (1.3) and (2.3)—(2.5).

Since {A4,(-, w)}is uniformly bounded on L,[0, r], and C?[0, r| is dense in
L,10, r], (3.1) yields

lim A, 0) = | S0y dx (3.3)

for any f€ L,[0, r].

Fix f € L,[0, r] and consider the sequence of linear functionals {4,(f, -)}.
Since || K,(f) — Sl a0y = OW,), n— oo, there exists h€ L,[a,b} (p> 1)
and h € BV[a, b] (p=1) and a subsequence {4, (f, -)} such that

lim A, (fv)=| K w(x)dx, p>1
h (3.4)

b
= podnx,  p=1.
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Equating (3.3) and (3.4) we obtain

b b
S 1@y ar=] k@ vedn,  p> 1
- : (3.5)
=[ vwarw,  p=1

A particular solution to (3.5) is
l X
>/ = | hwduds  p>1
nn

x4
=| | dnwyde,  p=1.
n-n
The homogeneous problem

N
| 7@ v ax=0

has the general solution f(x) = C,x + C, for a  x < b, since y € C?*[a, b],
w@)=vy'(@)=w(b)=y'(b)=0 is arbitrary. Hence, if 1< p< o,
SELP|a,b], and if p=1 then /' € BV[a, b].

IF 1K, (f) ~ 1l a.01 = 0(l). 71~ 00, then

A, <o [ 1R Uex) = S o) s

A
ﬂp ”Kn(f) _f”Lpla.b]’

<( sup w(x))
agx<h

where 4, > 0 is independent of n. Hence

lim 4,(f,y)=0. (3.6)
Comparing (3.3) and (3.6) we obtain
l b
= | S dxe=0

and, consequently, f is linear on [a, b].
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