
JOURNAL OF APPROXIMATION THEORY 34. 348-360 (1982)

Local Lp-Saturation of Positive
Linear Convolution Operators

J. J. SWETITS

Department of Mathematical Sciences. Old Dominion University.
Norfolk. Virginia 23508

AND

B. WOOD

Department of Mathematics. University of Arizona.
Tucson. Arizona 8572/

Communicated by E. W. Cheney

Received August 6. 1980

Local Lp·saturation of posItive linear convolution operators is investigated.
Results are obtained for two important classes of operators previously studied by
Bojanic. DeVore. Korovkin and the authors.

1. INTRODUCTION

Let 1= [0, rl, 1~ P < 00, and denote by Lp(I) the space of real valued pth
power Lebesgue integrable functions on I. Let lHn(t)f be a sequence of non­
negative, even and continuous functions on [-r, rI such that

.r

I HII(t) dt = 1.
. -r

.r

! t 2H n(t) dt == lin -t 0,
. -r

and

.r

I t4Hn(t)dt=0(;.1~),
.' -r
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n = 1. 2,... ,

n -t 00,

n -t 00 .

(1.1 )

(1.2)

(1.3)
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For f E Lp(I) and 0 ~ x ~ r, define the convolution operators

349

.r

Kn(f(t), x) = I f(t) Hn(t - x) dt,
·0

n = 1,2,.... (1.4 )

These linear operators map Lp(I) into Lp(I) and arc positive on I. There are
two important examples of (1.4).

EXAMPLE 1.1 (Korovkin operators). Let ~ be a non-negative, even and
continuous function on [-r, r], decreasing on [0, r] and such that ~(O) = 1.
Let

where

.r

Kn(J, x) = Pn I f(t)(~(t - xW dt,
·0

.r

P;; 1= 2 I (~(tW dt.
·0

( 1.5)

( 1.6)

This approximating method was introduced by Korovkin [51, who used it for
the uniform approximation of continuous functions. Later Bojanic and
Shisha [2] showed that

for some positive constants A and c implies

(1.7)

n -+ 00, (1.8)

and

sup Kn((t - x)\ x) = O(n -~!.t),
O~x:<;r

n -+ 00. (1. 9)

Numerous important special cases of (1.5) that satisfy (1.7) are listed in 121.
Conditions (I.l}-(1.3) follow from (1.6), (1.8) and (1.9).

EXAMPLE 1.2. (Bojanic-DeYore operators). Let jPn} be a sequence of
orthogonal polynomials on [-1, 1] whose weight function w is even, non­
negative and satisfies

0< m ~ w(x) ~ M < 00, x E [-r, r], O<r~1.
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where a 2n , a 2n - 1 are the smallest positive zeros of PZn and en >°is chosen
so that

Let

.r

I Rn(x) dx = 1,
• -r

n = 1,2,.... (1.1 0)

.r

Kn(J, x) = I J(t) Rn(t - x) dt.
·0

Bojanic [1] and DeVore [31 have shown that

(1.11)

and

(n ~ (0), (1.12)

sup Kn«t-x)4,x)=O(n-4
),

o<;;x <;;r
n~ 00. (1.13)

Conditions (1.1)-( 1.3) follow from (1.10), (1.12) and (1.13).
The degree of L p-approximation with (1.4) was investigated in [10, 11]. In

this work we consider local saturation of (1.4). Global saturation for the
operators (1.5) is studied in [10]. L p saturation for other types of operators
has been studied by Ditzian and May [4), Maier [6), Muller and Maier [81
and Reimenschneider [9].

2. DIRECT RESULTS

In the sequel, we let ei(x) = Xi for i = 0, 1,2,....

LEMMA 2.1. For n = 1,2,..., we have

.r

I Hn(t-x)dt=Kn(eo'x)~ 1,
·0

(2.1 )

.r

I HnCt-x)dx~l,
Co °~ t ~ r, (2.2)
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and

IKn((t - x), x)1 = O(Pn)'

IKn(eo' x) - 11 = O(Pn)'

n -+ 00, °< 0:::;; x:::;; r - 0 < r, (2.3)

n-+oo,O:::;;o:::;;x:::;;r-o<r, (2.4)

0:::;; x :::;; r, (2.5)

O:::;;x:::;;r, (2.6)

n -+ 00, i = 0, I. (2.7)

Proof Equations (2.1), (2.2) and (2.5 }-(2. 7) were established in [Ill.
Using (1.2), (1.3) and the method of [11, Lemma 1], it is easy to obtain
(2.3) and (2.4).

Let 0:::;; a <a 1 < b I < b :::;; r and define

x(t) = 0, t E [a, bI
= 1, t E [a, b].

Proof For p = 1 we have

.r .b'

:::;; I X(t) I/(t)11 Hn(t - x) dx dt
·0 . a,

:::;;II/IIL,IO.rl ( sup ('Hn(t-X)dX).
l'i!'la,b) • a, .

If t E [a, b] and x E [a p bl]' then It -xl) min(a l - a, b - bl) > 0. Using
(1.2) and (1.3) we obtain

.h,

sup I Hn(t - x) dx = o{J.ln),
t'i!'[a.b) • a,

n -+ 00.

Assume 1 < P < 00, a l :::;; x:::;; b l , and p +q = pq. By (2.1) and Holder's
inequality for positive linear operators,
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. (C('X(t)lf(tW'H,,(t-X)dXdt) II'

~ ( sup (K,,(x, X),q) Ilflllplo,rl
G\<:x<,b l

,.h, 1,1'

X ( sup I H,,(t-x)dx) .
(<«a,bl . a,

For a l ~ X ~ bl and (j = min(a, - a, b - bl) we have

.r

K,,(x, x) = I x(t) H ,,(t - x) dt
·11

For tft. [a,b],

= O(,u~), n ..... 00.

Thus

~, 1 .rt, Hn(t-x)dx~(j4Jo (t-x)4Hn(t-x)dx

= O(U~), n ..... 00.

IIK"W; x)II Lplo"bd ~ IlfIlLp(o,rl . O(u~/q) . OVt~ip)

= IIfIIL pro,r, . O(P~)
= 0Vtn)' n ..... 00.

This completes the proof of Lemma 2.2.
For 1 <p < 00 and °~ a <b ~ r, we denote by L~[a, bI the space of

those functions I such that I E Lp[O, rl, f' is absolutely continuous on [a, b]
and l"ELp[a,b]. BV[a,b] denotes the space of functions of bounded
variation on [a, b].

THEOREM 2.3. Let IE Lp[O, r], 1~ P < 00 and 0 <a <a, < b l <b < r.
Then
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(i) if 1 < p < 00, then fEL~[a,bl implies IIKnCf)-fIILp[a,.bd =
O(Pn), n -+ 00;

(ii) if p = 1, then f' E BV[a, bI implies IIKn(f) - fIILp[a,.bd = O(Pn)'
n-+oo;

(iii) if 1:::;; p < 00, then f linear on [a, b] implies
IIKn(f) - fIILp[al.bd = o(Pn)' n -+ 00.

Proof (i) Let X be defined as in Lemma 2.2 and let XI(t) = 1 - X(t).
Then

II Kn(f) - fIIL p[al.bd:::;; IIKnW')IILp[a"bd + IIKn(xJ) - (xJ)IIL"lal.bd·

By Lemma 2.2,

II KnW')IILp[al.bd = O(,un),

Assume 1 < p < 00 andfE L~[a, bl. Then

n -+ 00.

II Kn«(xJ)(t) - (xJ)(x), x)IILp[al.bd

= ((I /J: (xl (t)f(t) - f(x» Hn(t - x) dt IPdxriP

:::;; ((I /J: (f(t)-f(X»Hn(t-X)dt! dX) l:p

+ ((llf(X)IP (( Hn(t - x) dt) PdX) lip

+ ((I If(x)IP (( Hn(t - x) dtrdx) liP.

By (1.2) and (1.3), the last two terms are o(Pn)' n-+oo, since It-xl~

b = min(a I - a, b - b l ) > O. The first term is dominated by

((I I-C I'(x)(t - x) Hn(t- x) dt IP dX) lip

+ ((' I-C ({ (t-U)f"(U)dU) Hn(t-X)dtIP dX) liP,

sincef(t)-f(x)=f'(x)(t-x)+f~(t-u)f"(u)du. Using (1.2) and (1.3),
it can be shown that the first term is dominated by

n -+ 00.
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I .1

8U", x) = sup ( ) I IU"(u)1 du,
a<l<b t-x ·x

I*X

.1

f(t) - f(x) =f'(x)(t - x) + \ (t - u) cif'(u).
·x

denote the Hardy-Littlewood majorant of f" at x. Since f" E Lp[a, bJ and
p> 1,

il 8U", x)IIL p[a,b/ ~ A p lif" IIL p[a.b/'

where Ap > 0 depends only on p [12, Theorem 13.15]. Hence

((1
1
'( ({ (t - u)f"(u) dU) Hn(t - x) dt IPdX) I'p

b b ) P I.p

~ ((1 18U", x)!P ({ (t-x)2Hn(t-x)dt dX)

= O(Pn)' n ---+ roo

Finally,

IIKn(xJ) - (xJ)IILp[al.bd ~ IIKn«(xJ)(t) - (xJ)(x), x)IILp[al.bd

+ II(xJ)(x)(Kn(eo' x) - I)IILp[a,.bd

and part (i) foHows from (2.4) and the above calculations.

(ii) Now assume p=I andf'EBV[a,b]. Then we have, for x,
tE [a, b],

From the proof of (i), we need only show that

n ---> roo

Fix J > O. We have

I.e { (t - u) df'(u) Hn(t - x) dt I

.b .1

~llt-xIHn(t-x)llldf'(u)ldt
. a . x

=(It-X!Hn(t-X) If-X'ldf'(X+Y)11 dt

lIb -all b]

~ ~ [niX),
j=O
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where

. ·It-xl

/"j(X) =J It - xl H,,(t - x) j jdf'(x + y)\ dt.
j~<lt-xl<(j+I).5 0

Clearly,

.U+l).5

/"iX ) ~ S"it5, x) J Idf'(x + y)l,
·0

where

S"it5,x) = J It-xIHit-x)dt.
j.5<lt-xl<(j+I)~

355

Next, we estimate S,,/t5,x) for j=O and 1~j~ l(b-a)/t5] separately.
We have

S"o(t5,x) = J It-xIH,,(t-x)dt
O"lt-xl<.5

.r

<t5 J H,,(t) dt
-r

= t5.

For I ~j,

by (1.3).
It follows that

(b-al(.5] •.5

I ["ix) ~ t5 j lcif'(x + y)1
j~O • 0

(

[(b-OJ/.5 1 I .(j+ 1).5 )

+ ~ ( '5:)3 J Idf'(x + y)1 . O(u~).
}~ 1 JU 0

640(34/4-3
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Integrating this last inequality with respect to x, and taking into account that

.b l .(j+l)o .

I I Idf'(x+Y)ldx~(j+l)c5llf'IIBI'[a.bl
. Q, ·0

we obtain

IIKn (XI(t) { (t - U) df'(U)) , x tlal.bd
& c5211f' II + III' IIBvla.bl ~,j + 1 . 01,,2)"'" BVla.b) ~2 _.J V'"n .

U j= I }

If we choose 15 =,u ~I\ the last term is O(pn)' n ..... 00.

(iii) If f is linear on [a, b], the above calculations, along with (2.3),
(2.4) and Lemma 2.2, imply the conclusion of (iii).

3. A LOCAL SATURATION THEOREM

"[he following theorem provides a local inverse to Theorem 2.3 and shows
that the convolution operators (1.4) are locally saturated with order O(Pn)'

THEOREM 3.1. /fO < a < b < r andf E Lp[O, r], we have

(i) if 1 < p < 00, then II Kn(f) - fIILp[a.bJ = O(j.Ln)' n ..... 00, implies
fE L;[a, b];

(ii) if p = 1, then II Kn(f) - fllLp(a.bl = O(Pn)' n ..... 00, implies
I' E BV[a, b];

(iii) if 1 ~ P < 00, then II Kn(f) - fIILp[a,bl = o(Pn)' n ..... 00, impliesf is
linear on [a, b].

Proof To prove (i) and (ii), letfELp[O,r] and choose II'EC 2 [a,bl
with lI'(a) = 11" (a) = 1I'''(a) = lI'(b) = 11" (b) = 1I'''(b) =0. Let lI'(x) =° for
xE [a,b], so that II'EC 2 [0,r] and lI'(x) = 11" (x) =0 for xE [a,bl. We
utilize the bilinear functional (compare [6, 8])

1 .b

An(f, 11') = -I Kn(f(t), x) - f(x)) lI'(x) dx.
Il n 'Q

Fix II' as above. We first demonstrate that {A n(·, 11') f is uniformly bounded
on Lp[O, r]. We have
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.b .r .r

I Kn(f(t), X) lIf(X) dx = I lIf(X) J f(t) Hn(t - X) dt dx
. a ·0 ·0

.r .r

= I f(t) I lIf(X) Hn(t - X) dx dt.
·0 ·0

For x, t E [0, r] we can write

lIf(X) = lIf(t) + lIf'(t)(X + t) + lIf'i lJ ) (x - t)2

for some IJ between x and t. Hence

.r .r

I I f(t) IIf(X) Hn(t - x) dx dt
. 0 • 0

= rf(t) lIf(t) (' Hn(t - x) dx dt
'0 Jo

+ Cf(t)lIf'(t) rr (x-t)Hn(t-x)dxdt
'0 '0

l.r .r

+ 2.1
0

f(t).I
o

1If"(IJ)(X - t)2H,,(t - x) dx dt

Using (Ll) we have

.r .f

II = j f(t) lIf(t) I H,,(u) du dt
·0 . t-r

.r .r .t-r

= I f(t) lIf(t) dt -I f(t) lIf(t) I Hn(u) du dt
·0 ·0· -r

.r .r

- j f(t) lIf(t) I Hn(u) du dt.
·0 . /

Since lIf(t) = °for t ~ [a, b], (1.2) and (1.3) yield

I.e f(t) lIf(t)rHn(u) du dt I
1 .r .r

~ 4 J If(t)lllIf(t)11 u
4
H,,(U) du dt

a .0 ./

<o~~~r IlIf(t)1 (:4.c
r

u
4
H n(u)du) IlfllL,[o,rl

= O(P,,) IlfIILpro.r!' n ---> 00.

357
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Hence

n ---+ 00.

n ---+ 00.

Similar calculations and the fact that lfI'(t) =° for tEla, b] yield
/2 = o(p,n) II/11L

p
[o.rl' n -4 en. Finally

113 1 ~ ~ sup IlfI"(x)l,un IlfIIL,[o.rl'
O<;;x<;;r

and it follows that {A n(·, lfI)} is uniformly bounded on LpIO, rl.
Next we observe that, for IE C2 10, r1,

This follows from the definition of lfI and

lim ~ (Kn(f, x) - f(x» = -2
1

f"(x),
n~oo ,un

(3.1)

(3.2)

uniformly on [a, bl. Equation (3.2) is a consequence of Mamedov's
asymptotic theorem [71, (1.2), (1.3) and (2.3)-(2.5).

Since {Anh lfI)}is uniformly bounded on Lp/O, rJ, and C210, rl is dense in
LpIO, rl, (3.1) yields

(3.3)

for any I E LpIO, r].
Fix IE LpIO, r1 and consider the sequence of linear functionals IAn(f, .) f·

Since IIKn(J) - fllLp[a,b) = O(p,n)' n -4 en, there exists hE Lp[a, bl (p> I)
and h E B VIa, b I (p = 1) and a subsequence {A n(f, .)f such that,

.b

}~~ An;(f, lfI) = t hex) lfI(X) dx, p> I

(3.4 )
.b

= I lfI(X) dh(x), p = 1.
. a



.b

= j ",(x) dh(x), p = l.
a

LOCAL Lp-SATURATION

Equating (3.3) and (3.4) we obtain

1 .b .b

"2t f(x) ","(x) dx = t h(x) 'I/(x) dx,

A particular solution to (3.5) is

p> 1

359

(3.5)

.X .l

=LLdh(jJ)d~, p= 1.

The homogeneous problem

.bI f(x) ","(x) dx = 0
'a

has the general solution f(x) = C I X + C2 for a ~ x ~ b, since", E C2 [a, b j,
'I/(a) = 'I/'(a) = ",(b) = ",'(b) = 0 is arbitrary. Hence, if 1 <p < 00,

fE L~2)[a, bl, and if p = 1 thenf' E BV[a, bl.
If II Kn(f) - fllLp[a,bl = o(jJn), n -+ 00, then

1 .b

!An{f, ",)1 ~ - j IKn{f, x) - f(x)!· I",(x)! dx
Pn a

~( sup I",(x)!) A
p

IIKn(f)-fllLp[a.bl'
a<;,x<;'b Pn

where A p > 0 is independent of n. Hence

lim An{f, ",) = O.
n~ro

Comparing (3.3) and (3.6) we obtain

1 .b

-, f(x) ","(x) dx = 0
2 .a

and, consequently, f is linear on [a, b J.

(3.6)



360 SWETITS AND WOOD

REFERENCES

I. R. BOJANIC. A note on the degree of approximation to continuous functions, Enseign.
Math. 15 (1969), 43-51.

2. R. BOJANIC AND O. SHISHA. On the precision of uniform approximation of continuous
functions by certain linear positive operators of convolution type. J. Approx. Theory 8
(1973). 101-113.

3. R. A. DEVORE, "The Approximation of Continuous Functions by Positive Linear
Operators," Springer-Verlag, New York. 1972.

4. Z. DITZIAN AND C. P. MAY, Lp·saturation and inverse theorems for modified Bernstein
polynomials, Indiana Unit'. Math. J. 25 (1976), 733-751.

5. P. P. KOROVKIN. "Linear Operators and Approximation Theory." Delhi, 1960.
6. V. MAIER, "Gilte und Saturationsaussagen fUr die L ,·Approximation durch spezielle

Folgen linearer positiver Operatoren," Dissertation. Universitat Dortmund, 1976.
7. R. G. MAMEDOV, The asymptotic value of the approximation of differentiable functions

by linear positive operators. Dokl. Akad. Nauk SSSR 128 (1959), 471-474.
8. M.W. MOLLER AND V. MAIER, Die Lokale Lp·Saturationsklasse Des Verfahrens Der

Intergralen Meyer-Konig und Zeller Operators, ISNM 40 (1978). 305-317.
9. S. D. RIEMENSCHNEIDER, The Lp·saturation of the Bernstein-Kantorovitch polynomials,

J. Approx. Theory 23 (1978). 158-162.
10. J. J. SWETITS AND B. WOOD. Lpsaturation of positive convolution operator. ill

"Proceedings. International Conference in Approximation Theory:' in press.
II. B. WOOD. Degree of Lv approximation by certain positive convolution operators. J.

Approx. Theory 23 (1978) 354-363.
12. A. ZYGMUND. "Trigonometric Series, 1 and II:' Cambridge Univ. Press. London/New

York. 1968.


